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The temperature distribution in a wedge-shaped rod with a rectangular 
surface heat source is determined. 

The re  have been a n u m b e r  of studies [1-3] of the 
periodic t empera tu re  fields in a rod when the ent i re  

Wedge-shaped rod with local 
r ec tangu la r  source.  

la te ra l  surface  or  end face is heated. It is nece s sa r y  
to calculate  the fields created by per iodical ly  acting 
sources  localized on part  of the surface,  for example, 
in connection with automatic  t empera tu re  control  and 
e lee t rospark ,  e lectron beam, and l a se r  techniques.  
This a r t ic le  is concerned with one such problem. 

We cons ider  an infinite rod whose la tera l  sur faces  
a re  two in te rsec t ing  hal f -planes  ~ = • and part  of a 
cy l inder  surface  of radius  p = a (see figure). Assume  
that a per iodical ly  acting source  S o exp(-ioJt) is lo- 
cated on the port ion Iq?[_ a ,  [z] _< h of the sur face  
p = a and that on the re s t  of the surface  of the rod 
there  is no heat exchange with the ambient  medium. 
Our problem reduces  to the solution of 

a v  = l - -u ; ,  
6 

in the region 0 < p --< a, I q~] --< #, I zl < ~,  sat isfying the 
boundary conditions 

~--- 0 ,  

P = t l  

0 at [ z [ > handlq~[-~ ~, 
= 0 at I z l ~ h a n d  p~>lq~[>a ,  

Soexp(--iot) at t z t ~ < h a n d l q ~ t ~ a .  

Moreover, the function U and its partial derivatives 
must be damped as I zl ~ oo 

We find a solution of the differential equation in the 
form U = V exp(-iwt). Expanding the piecewise-eon- 
tinuous function ~b in a Fourier series on the interval 
lq~[ -< # and omitting the multiplier exp(-iwt), we re- 
write the differential equation and boundary conditions 
a s  

o• : 

dp p=a 

I C) 

= / ~ 2 S o  sin(~a) cos (vq)) when[ z I 4: h, 

/~=o ~"~ 
(2) 

where e0 = 2, e n =  1 w i t h n =  1, 2, 3 . . . .  and v =  
= ~n/#. To solve the problem we apply a F o u r i e r  in-  
tegral  t rans format ion .  Multiplying the left and right 
sides of (1) and (2) by exp(ffz) and in tegrat ing with r e -  
spect to the var iable  z f rom -0o to ~ with account for 
damping at infinity, we obtain 

AF+TI~F = 0, (3) 

OF OF 
0q~ I ~=+~ = 0; ~ p  Ip=a = 

= 4So sin(~ h) , ~  sin (~a)cos (~q~) 

n-~-O 

(4) 

where F ~ ~ Vexp(ivz)dz and ~a---- ),_~2. Separat ing the 

va r i ab les  in (1) and using (2), we have 

F-- 4Sot z ~ sin(~h)sin(va)l"('lP)c~ ~ ~  (5) 

n =  0 

Applying to (5) the inverse Fourier integral transfor- 
mation, according to which 

V= 2~i SFexp(- - i '~z)d 'c ,  

we find the solution of the original problem 

oa 

)~ 2 sin (x h) I~ OIp) exp (-- i x z) d ~ }" 
8.xn I~ (n a) 

(6) 
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The in tegrand  in (6) is  a r e g u l a r  function on the en-  
t i r e  plane of the complex  v a r i a b l e  T with s imple  poles  
at the points  

V [?; �9 ~ = + : ~ -  , 

fl~)l., a r e  roo ts  of the equation I~[fl~) 1 . 1 , ,  = 0, while where  
the index u = ~rn/# with n = 0, 1, 2 . . . .  d e t e r m i n e s  
the o r d e r  of the B e s s e l  function and i t s  de r iva t ive ,  
The points  ~.~o) = :e(X)t/z a r e  f i r s t - o r d e r  poles  only for  
n = O, and the in tegrand  tends  exponent ia l ly  to ze ro  
when T - -  ~ ,  r ema in ing  in the lower  ha l f -p lane  (IMP" < 
< O) at z > h o r  in the upper  ha l f -p lane  (IMP" > O) at  z < 
< - h .  

Set t ing z > h, we find the r e s i d u e  of the in tegrand  
at the pole T~ ~ = - (h)  1/z, 

icsin(h V ~-) exp( - - i  l/k-z) 
2a r 

(p0(0) = o) 

and at the ~ ' ~ T  (u)(r T (u) < 0, n =  0, 1, 2, .) ~ ' ' ~  m " m  m "" 

sin ['~) h] I~ p _ _  exp [--  i ~ )  z] 
a 

- - - ~ - ~  . ~ [ ~ m ]  

Multiplying the sum of the residues for poles lying in 
the lower half-plane by 27ri we find the value of the in- 
tegral (Jordan's lemma [4]). Expression(6)reduces to 

v(p, % z ) =  

2a Soc sin (h V'~-) exp ( - -  i V~- I z [) § 
a ~o 

+/-~n--~048~ ~ ,  [ sin (~a)envcos (v~) x 

" '-('Ohllv I ~  ] e x p [ - - i ' ~ ) [ z ] ]  ~ s , n t ~  } 
(7) 

F o r  # = ~ = v, i. e . ,  for  a rod  with an annular  heat  
source ,  (7) takes  i ts  s i m p l e s t  fo rm 

V = - -  
23oc sin (h V~) exp ( - -  i i ~ - I  z I) 2S0z ~- • 

a m  a 

co 

x2 
~=, [ ' ~ ) l  ~ I~ [1~)1 

(o) 

L a j (8 )  

F r o m  (7) and (8) it  fol lows that in rods  of the type con-  
s i d e r e d  t h e r e  is  a supe rpos i t ion  of t he rma l  waves  whose 
ampl i tudes  d e c r e a s e  exponent ia l ly  with i n c r e a s e  in the 
z - c o o r d i n a t e  and in the p a r a m e t e r s  n and m. 

NOTATION 

p, ~0, and z a r e  c y l i n d r i c a l  coord ina tes ;  =e# is the 
angle de t e rmin ing  the pos i t ion  of the two l a t e r a l  s u r -  
f aces  of the rod;  a is  the r ad ius  of the cy l i nd r i ca l  s u r -  
face  of the rod;  2h is  the l i nea r  d imens ion  of the heat  
sou rce  along the rod  axis ;  2c~ is  the angular  d imens ion  
of the source ;  S O is the heat  flux ampl i tude  at the rod  
su r f ace ;  w is  the f requency;  t i s  the t ime;  V is  the 
ampl i tude  of the t e m p e r a t u r e  f ield;  ~- is  the F o u r i e r  
t r a n s f o r m  p a r a m e t e r ;  I u is  the B e s s e l  function; v is  
the index de t e rmin ing  the o r d e r  of the B e s s e l  function; 
and fi(m v) is  the root  of the function I~. 
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In the p a r t i c u l a r  c a se  when # = v, u = n the wedge-  
shaped rod  d e g e n e r a t e s  into a c y l i n d e r  of r ad ius  p = a, 
with a r e c t a n g u l a r  s o u r c e  on the l a t e r a l  su r face .  
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